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We obtain an exact solution of Einstein’s equations for a charged, static and spherically symmetric body, surrounded
by a fluid of strings and with a cosmological constant. This corresponds to the Reissner-Nordström (de Sitter)-Anti
de Sitter black hole surrounded by a fluid of strings. Some aspects concerning the horizons and geodesic motion are
discussed. We also obtain the metric corresponding to the Kerr-Newman black hole surrounded by a fluid of strings,
by using a method to construct the rotating solution from its counterpart static one. The horizons, ergoregions, and
geodesic motion are analyzed. In both cases, the role played by the fluid of strings was pointed out.
I. INTRODUCTION
In the early 1980s, Letelier1 generalized the gauge-
invariant model with a cloud of strings2, in the sense that
pressure produced by the strings was now taken into ac-
count. In this context, he obtained the general solution of
Einstien’s field equations for a spherically symmetric body
surrounded by a fluid of strings with this symmetry. Some
years later, Soleng3 obtained an exact solution corresponding
to the spacetime associated with a point mass surrounded by
a static, spherically symmetric fluid of strings, assuming that
this fluid is such that the transverse pressure is proportional to
the energy density4,5. Using this solution, Soleng3 concluded
that when |T tt | ≃ |T tt | ≫ |T ΩΩ|, where Ω stands for both θ
and φ , the solution gives an 1/r correction to Newton gravita-
tional force law, which means that it is possible, in principle,
to explain the missing mass problem or, equivalently, the flat
rotation curves of galaxies. Otherwise, in this non-relativistic
scenario, in which an artificial set up is used, we cannot iden-
tify this fluid of strings as giving us a solution to the missing
mass problem.
Taking into account this solution obtained by Soleng3, we
generalize it by considering an electromagnetic field as well
as the cosmological constant. In this scenario, the solution
describing the Reissner-Nordström-(de Sitter) Anti-de Sitter
black hole surrounded by a fluid of strings is obtained. Addi-
tionally, we neglect the cosmological constant and constructed
the metric corresponding to the Kerr-Newman black hole sur-
rounded by a fluid of strings, using an algorithm with appro-
priate modification made recently6. In both cases, we study
the horizons and the geodesic motion, pointing out the role
played by the fluid of strings.
This paper is organized as follows. In Sec. II, we present a
brief review concerning the solution obtained by Soleng3. In
Sec. III, we obtain the solution of Einstein’s equations cor-
responding to a static black hole with cosmological constant
and surrounded by a fluid of strings. We also discuss, in this
section, the horizons and geodesic motion. In Sec. IV, we
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obtain the Kerr-Newman black hole surrounded by a fluid of
strings and discuss its horizons and geodesic motion of par-
ticles in this background. Finally, in Sec. V, we present the
concluding remarks.
II. THE STATIC AND UNCHARGED BLACK HOLE WITH
A FLUID OF STRINGS
Theworld line of a moving particle with four-velocity given
by uµ = dxµ/dξ , with ξ being an independent parameter, can
be described by x = x(ξ ). Otherwise, if we consider, instead
of a particle, a moving infinitesimally thin string, thus, the tra-
jectory corresponds to a two-dimensionalworldsheet Σ, which
can be obtained by2
xµ = xµ(ξ a), a = 0,1, (1)
with ξ 0 and ξ 1 being timelike and spacelike parameters, re-
spectively. Therefore, instead of the four-velocity, uµ we have
a bivector Σµν , such that2
Σµν = εab
∂xµ
∂ξ a
∂xν
∂ξ b
, (2)
where εab is the two-dimensional Levi-Civita symbol, with
ε01 =−ε10 = 1.
It is worth emphasize that on this worldsheet, there will be
an induced metric, hab, with a,b = 0,1, such that,
hab = gµν
∂xµ
∂ξ a
∂xν
∂ξ b
, (3)
whose determinant we are indicatinh by h.
The energy-momentum tensor associated with a dust cloud
is given by T µν = ρuµuν , with uµ being the normalized four-
velocity and ρ being the proper density of the flow. Similarly,
for a cloud of strings, we have2
T µν =
ρΣµβ Σ νβ√−h , (4)
where h = 1
2
ΣµνΣµν .
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Now, if we take into account a perfect fluid with pres-
sure p, it can be described by the stress-energy tensor T µν =
(ρ + p)uµuν − pgµν . Similarly, considering a perfect fluid of
strings with pressure q, we have the stress-energy tensor1
T µν = (q+
√
−hρ)
Σµβ Σ νβ
(−h) + qg
µν . (5)
Considering the stress-energy tensor given by Eq. (5),
Soleng obtained the metric corresponding to a static black
hole surrounded by a fluid of strings3. To achieve that, the au-
thor considered that the metric corresponding to a static and
spherically symmetric black hole can be written as
ds2 =−e2µdt2+ e2λ dr2+ r2dΩ2, (6)
where dΩ2 = dθ 2+ r2dφ2, and µ and λ are functions of the
radial coordinate only. Then, we assume that the components
of the stress-energy tensor are related through the equations
T tt = T
r
r, (7a)
T tt = −αT θθ =−αT φφ , (7b)
where α is a dimensionless constant. The energy-momentum
tensor whose components are given by Eq. (7), was inter-
preted as being associated with a kind of anisotropic fluid with
spherical symmetry4,5. Thus, writing Einstein’s field equa-
tions in this context, Soleng3 obtained the following solution
e2µ = e−2λ = 1− 2M
r
+
{
εlr−1 log(ηr) for α = 2
εα(α− 2)−1 ( l
r
)2/α
for α 6= 2,
(8)
where M is the black hole mass, l and η are positive integra-
tion constants and ε = ±1 determines the sign of the energy
density of the string fluid. As pointed out3, this solution re-
duces to the following particular cases: Schwarzschid-de Sit-
ter solution for α = −1; Schwarzschild solution for α = 0
and Reissner-Nordström solution for α = 1. The limit case
α → ∞ results in the Letelier black hole solution with a cloud
of strings2.
Using the metric given by Eq. (6) and considering Eq. (8),
we can calculate the components of the Einstein tensor and,
substuting them into the Einsteins fields equations,
G
µ
ν = 8piT
µ
ν , (9)
we obtain
T tt = T
r
r =
ε
8pir2
(
l
r
)2/α
, (10a)
T θθ = T
φ
φ =−
ε
8piαr2
(
l
r
)2/α
. (10b)
The solution given by Eq. (8), with a large value of α , rep-
resents a fluid of strings radially pointing at low but nonzero
temperature3. In this scenario, the solution given by Eq.
(9) introduces a 1/r correction to Newton’s gravitational law
which can be used to explain the rotation curves of galaxies.
It is worth calling attention to the fact that Soleng3 con-
sidered the to propose this fluid of strings, in the limit when
α ≫ 1, as a possible source of dark matter. He also consid-
ered a cosmological scenario in which case α ≃ (MH0)−1/2
where M is the mass of the galaxy and H0 is the Hubble con-
stant at present time, and also concluded that it is not possible
to use this fluid of strings to solve the missing mass problem,
in special, due to the assumption that the gravitational poten-
tial energy of the string should be spread over a distance H−10
in order to get α ≃ (MH0)−1. It also should be noted that, in
a scenario where a phantom field is associated with the dark
matter, a similar solution was obtained7 which means that the
effects of the fluid of strings considered by Soleng3 can cor-
respond to similar ones induced bu the phantom fields.
III. THE REISSNER-NORDSTRÖM-(DE SITTER)
ANTI-DE SITTER BLACK HOLE WITH A FLUID OF
STRINGS
Now, let us consider a static and spherically symmetric
black hole with electric chargeQ immersed in a fluid of strings
(Reissner-Nordström black hole with a fluid of strings). The
metric corresponding to this system must be a solution of the
Einstein equations (Eq. (9)) together with the Maxwell ones
which, in the exterior region of the black hole, are given by
∇νF
µν = 0, (11a)
∂[σ Fµν] = 0, (11b)
whose non-null Maxwell tensor components are given, in the
case under consideration, by F10 =−F01 = Q√4pir2 . The stress-
energy tensor associated with this electric charge is given by
T tt = T
r
r =−
Q2
8pir4
, (12a)
T θθ = T
φ
φ =
Q2
8pir4
. (12b)
Thus, we can consider that the stress-energy tensor corre-
sponding to the Reissner-Nordström black hole with a fluid of
strings is given by
T tt = T
r
r =−
Q2
8pir4
+
ε
8pir2
(
l
r
)2/α
, (13a)
T θθ = T
φ
φ =
Q2
8pir4
− ε
8piαr2
(
l
r
)2/α
, (13b)
where we have added appropriately the components of the
energy-momentum tensor given by Eq. (10), which corre-
sponds to the case where the electromagnetic field is absent.
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Using Einstein’s equations and taking into account the met-
ric given by Eq. (6), we get the following equation
Gt t =
1
r2
[
(re2µ)′− 1]=−Q2
r4
+
ε
r2
(
l
r
)2/α
, (14)
where the comma represents the derivative with respect to the
coordinate r. Integrating the above equation, we obtain the
metric corresponding to the Reissner-Nordström black hole
with a fluid of strings, which is given by
ds2 =− f (r)dt2+ 1
g(r)
dr2+ r2dΩ2, (15)
where
f (r) = g(r) = 1− 2M
r
+
Q2
r2
+{
εlr−1 log(ηr) for α = 2
εα(α− 2)−1 ( l
r
)2/α
for α 6= 2, (16)
Finally, if we add the cosmological constant to the obtained
metric given by Eq. (14), we obtain the following result
f (r) = 1− 2M
r
+
Q2
r2
− Λr
2
3
+{
εlr−1 log(ηr) for α = 2
εα(α− 2)−1 ( l
r
)2/α
for α 6= 2, (17)
The particular cases arising from this metric are the follow-
ing: α = −1 corresponds to the Reissner-Nordström space-
time with an effective cosmological constant which depends
on the parameter l; α = 0 gives us the Reissner-Nordström-(de
Sitter) anti-de Sitter solution; α = 1 represents the RN-anti-de
Sitter solution with an effective charge which depends on the
parameter l; finally, the case α →∞, gives us a solution which
corresponds to de RN-(de Sitter) anti-de Sitter black hole sur-
rounded by a cloud of strings which is a particular case of a
solution obtained recently8 by removing the contribution of
the quintessence field.
For the case under consideration, the components of the
Einstein tensor can be written as
Gtt = − f (r)
[
−Q
2
r4
+
ε
r2
(
l
r
)2/α]
−Λ f (r), (18a)
Grr =
1
f (r)
[
−Q
2
r4
+
ε
r2
(
l
r
)2/α]
+
Λ
f (r)
, (18b)
Gθθ = G
φ
φ = r
2
[
Q2
r4
− ε
αr2
(
l
r
)2/α
+Λ
]
, (18c)
Gφφ = r
2 sin2 θ
[
Q2
r4
− ε
αr2
(
l
r
)2/α
+Λ
]
. (18d)
As a consequence, we can conclude that Eq. (14), in which
f (r) is given by Eq. (17), is the metric corresponding to the
Reissner-Nordström-AdS black hole with a fluid of strings,
which is a solution of the Einsteins equations with cosmolog-
ical constant, namely
Gµν = Rµν − 1
2
Rgµν +Λgµν = 8piTµν . (19)
A. Black hole horizons
The black hole horizons, in the considered coordinate sys-
tem, can be defined by the equation
f (r) = 0. (20)
In Figs. 1 and 2, we represent the function f (r) for dif-
ferent values of the parameters associated with the fluid of
strings. The roots of the function f (r) determine the black
hole horizons.
In Fig. 1 and 2, we show the behaviors of f (r) for different
values of α . In the left panel, in both figures, the signal of ε
is positive, while in the right panel it is negative.
Due to the small value of the cosmological constant, we
can verify that the black hole has always a horizon very far
from the singularity, which is not represented in the figures.
Thus, we can conclude that the system has until three positive
horizons: a cosmological horizon associated with the cosmo-
logical constant (rc), the event horizon (r+) and the interior
horizon (r−).
B. Geodesic motion
Let us consider the movement of a test particle with mass
m and electric charge q around a black hole described by the
metric given in Eq. (14) with f (r) given by Eq. (17). We
will neglect the effect of the cosmological constant, because
its value is very small when if compared with the other param-
eters, only having importance on the cosmological scale.
Given a Killing field, ξ µ , the quantity ξ µ(pµ +qAµ), where
pµ = muµ = mdxµ/dτ is the 4-momentum of the particle and
Aµ is the electromagnetic 4-potencial, is conserved. Taking
into account the timelike Killing vector ξ µ = (1,0,0,0), we
conclude that the energy
E =−p0− qA0 =−p0+ qQ
r
(21)
is conserved. Due to the symmetry of the problem and the
azimuthal component of the Killing field, we conclude that
the angular momentum is given by
L = pφ . (22)
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FIG. 1. f (r) for M = l = η = 1, Q2 = 0.2 and different values of α .
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FIG. 2. f (r) for M = l = 1, Q2 = 0.2 and for values of α near α = 2.
We can conclude, also, that the movement of the test par-
ticle around the black hole occurs in a plane. Thus, we get
pθ = 0. Considering that the radial velocity of the particle is
null, the equation pµ p
µ =−m2 implies
(
E− qQ
r
)2
= m2
(
dr
dτ
)2
+
(
m2− L
2
r2
)
f (r). (23)
This equation can be written in the form
E = m+
m
2
(
dr
dτ
)2
+Ue f f , (24)
where
Ue f f ≈ qQ
r
− mM
r
+
L2
2mr2
+
{
mεl
2r
log(ηr), for α = 2
mεα
2(α−2)
(
l
r
)2/α
, for α 6= 2. (25)
We considered approximations up to the order 1/r2. De-
pending on the values of the parameters,Ue f f has a minimum,
as can be seen in Fig (3). At this point, the movement of the
particle describes a circle around the black hole.
At the minimum of Ue f f , we get
dUe f f
dr
= 0=−qQ
r2
+
mM
r2
− L
2
mr3
−
{
mεl
2r2
[log(ηr)− 1] for α = 2
mε
(2−α)
(
l
r
)2/α−1
for α 6= 2, (26)
Let us consider v the modulus of the velocity of the particle
in its orbit, thus we can write L2 = m2v2r2, and therefore
v2 ∼−qQ
mr
+
M
r
−
{
εl
2r
[log(ηr)− 1] for α = 2
rε
(2−α)
(
l
r
)2/α−1
for α 6= 2, (27)
The behavior of v as a function of r is represented in Fig.
4 for different values of the parameter α , covering the two
different solutions, for α = 2 and α 6= 2.
From Fig. 4 we can note that, depending on the values of
the parameter α , the values of v do not tend to zero, as should
be expected in the absence of the fluid of strings. Note that in
all cases the velocity decreases, and decreases more with the
decreasing of the parameter.
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IV. KERR-NEWMAN BLACK HOLE WITH A FLUID OF
STRINGS
In this section, we obtain the metric corresponding to a ro-
tating charged black hole immersed in a fluid of strings (Kerr-
Newman black hole surrounded by a fluid of strings). To ob-
tain the correct metric, we use the Newman-Janis method9,10,
with the adaptation proposed by Azreg-Aïnou6. This modi-
fied method can generate regular stationary solutions for black
holes, considering the physical properties and the problem of
symmetry6.
Firstly, let us consider the spacetime line element of a static
charged black hole with a fluid of strings surrounding it, which
can be written as2
ds2 = f (r)dt2− 1
g(r)
dr2− h2dΩ2, (28)
where f (r) = g(r) as explicitly given by Eq. (27) taking Λ =
0.
In order to write the metric given by Eq. (28) into the
Eddington-Finkelstein coordinates, let us use the coordinate
transformation6
du = dt− dr√
f g
, (29)
and, thus, we get
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ds2 = f du2−
√
f
g
dudr− h2dΩ2. (30)
Now, we determine the null tetrad basis that describes the
metric, by the equation
gµν = lµ nν + lνnµ −mµm¯ν −mνm¯µ (31)
where l and n are real numbers and m¯ is the complex conju-
gate of m. Beside that, the tetrades obey the relations lµ l
ν =
mµm
µ = nνn
ν = 0, lµm
µ = nµm
µ = 0 e lµn
µ =−mµm¯µ = 0.
Using the metric given by Eq. (30), we get
lµ = δ
µ
1 ,
nµ =
√
g
f
δ
µ
0 −
f
2
δ
µ
1 ,
mµ =
1√
2h
(
δ
µ
2 +
i
sinθ
δ
µ
3
)
,
m¯µ =
1√
2h
(
δ
µ
2 −
i
sinθ
δ
µ
3
)
. (32)
Now, we perform the transformation u → u− iacosθ and
r→ r− iacosθ 6, where a is a parameter associated to the rota-
tion of the source. We also do the changes f (r)→ F(r,a,θ ),
g(r)→ G(r,a,θ ) and h → Σ(r,a,θ ). As a consequence, the
null tetrades are written in the form6
lµ = δ
µ
1 ,
mµ =
1√
2Σ
[
δ
µ
2 + iasinθ (δ
µ
0 − δ µ1 )+
i
sinθ
δ
µ
3
]
nµ =
√
G
f
δ
µ
0 −
F
2
δ
µ
1 ,
m¯µ =
1√
2Σ
[
δ
µ
2 − iasinθ (δ µ0 − δ µ1 )−
i
sinθ
δ
µ
3
]
. (33)
The components of the metric in the Eddington-Finkelstein
coordinates are, then, given by
g00 =−F,
g01 = g10 =−
√
G
F
,
g22 = Σ
2,
g33 = sin
2 θ
[
Σ2+ a2
(
2
√
F
G
−F
)
sin2 θ
]
,
g03 = g30 = a
(
F−
√
F
G
)
sin2 θ ,
g13 = g31 = asin
2 θ
√
F
G
. (34)
Finally, we write the metric in the Boyer-Lindquist coordi-
nates using the transformations
du→ dt +λ (r)dr, dφ → dφ + χ(r)dr, (35)
where
λ (r) =− k(r)+ a
2
g(r)h(r)+ a2
, (36a)
χ(r) =− a
g(r)h(r)+ a2
, (36b)
k(r) =
√
g(r)
f (r)
h(r) (36c)
are chosen such that the non-diagonal components of the met-
ric are null, excepting g03 and g30. We can also write
F(r,θ ) =
(gha2 cos2 θ )
(k+ a2 cos2 θ )2
,
G(r,θ ) =
gh+ a2cos2 θ
Σ
, (37)
with Σ being given by
Σ = r2+ a2 cos2 θ . (38)
In the case under consideration, due to the symmetry, we
can use f (r) = g(r), h(r) = r2 and k(r) = h(r). Lastly, we
obtain the metric
ds2 =−∆− a
2 sin2 θ
Σ
dt2+
Σ
∆
dr2
−2asin2 θ
(
1− ∆− a
2 sin2 θ
Σ
)
dtdφ −Σdθ 2
+sin2 θ
[
Σ+ a2 sin2 θ
(
2− ∆− a
2 sin2 θ
Σ
)]
dφ2,(39)
with
∆ = r2+ a2+Q2− 2Mr
+
{
εlr log(ηr) for α = 2
εα(α − 2)−1r2 ( l
r
)2/α
for α 6= 2, (40)
This metric corresponds to the one that describes a charged,
rotating black hole surrounded by a fluid of strings in spherical
symmetry.
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A. Black hole horizons
The horizons of a rotating black hole are determined by the
equation grr = 0. Using the metric given by Eq. (39), the
black hole horizons are determined by the equation
0= r2+ a2+Q2− 2Mr+{
εlr log(ηr) for α = 2
εα(α− 2)−1r2 ( l
r
)2/α
for α 6= 2, (41)
In Fig. 5, we represent ∆(r) for different values of the pa-
rameter α . From Eq. (41), we can observe that the black hole
horizons are obtained by the zeros of the function ∆(r) and,
from Fig. 5, we can notice that the number of horizons of the
black hole depends on the values of the parameter associated
with the fluid of strings.
Note that, for α = 2, the behavior is slightly different as
compared with the other values of a, as shown in the left panel
of Fig. 5. In the right panel, the behavior is similar for differ-
ent values of α , including α = 2.
B. Static surfaces and ergoregions
The static surfaces of a rotating black hole are determined
by gtt = 0. From the metric given by Eq. (39), we get
∆ = a2 sin2 θ . (42)
The ergoregion or ergosphere is the region between the
black hole horizon and the static surface and plays an impor-
tant role in general relativity: an observer in this region cannot
remain stationary11,12. In Fig. 6, we display the ergoregions
in the metric under consideration.
C. Geodesic motion
Nearby a black hole, the movement of a massive particle
or a massless one, like a photon, can be described by the
Hamiltonian13
H = gµν pµ pν , (43)
where pµ are the components of the 4-momentum and H = 0
for photons or H = − 1
2
m2 for a particle with mass m. Due
to the symmetries of the system under consideration, we can
define two constants of motion: the energy, E = −pt , and
the angular momentum, L = −pφ related to the axial sym-
metry. Using the Hamiltonian given by Eq. (43) and the
Hamilton-Jacobi equations, we get the following set of dif-
ferential equations14
Σt˙ =
r2+ a2
∆
[E(r2+ a2)− aL]− a(aE sin2 θ −L), (44)
Σr˙ =
√
R, (45)
Σθ˙ =
√
Θ, (46)
Σφ˙ =
a
∆
[E(r2+ a2)− aL]−
(
aE− L
sin2 θ
)
, (47)
where
R = [E(r2+ a2)− aL]2−∆[(aE−L)2+m2r2+W ], (48)
Θ =W
[
L2
sin2 θ
+ a2(m2−E2)
]
cos2 θ , (49)
and the overdot represents the derivative with respect to the
proper time, W = K− (L− aE), with K being an additional
constant of movement.
D. Equatorial circular orbits
Now, let us consider the equatorial plane of the rotating
black hole, which is determined by θ = pi/2. In this region,
θ˙ = 0, and, thus,W = 0, with the radial coordinate being given
by
r2r˙ =±
√
R, (50)
where
R = [E(r2+ a2)− aL]2−∆[(aE−L)2+m2r2]. (51)
The circular configuration occurs if the radial velocity and
acceleration are null. As a consequence, we get, simultane-
ously, R(r) = 0 and dR/dr = 0. The energy per unit mass and
the axial angular momentum per unit mass are given, respec-
tively, by
E2±
m2
=
8∆(a2−∆)2+ 2r∆∆′(a2−∆)− a2r2∆′2
r2[16∆(a2−∆)+ r∆′(r∆′− 8∆)]
±2a√2∆
√
(2a2− 2∆+ r∆′)3
r2[16∆(a2−∆)+ r∆′(r∆′− 8∆)] , (52)
L2±
m2
=
2a2∆3− r2(r2+ a2)2∆′2− 2∆2 [8a2(r2+ a2)+ 4r4+ a2r∆′]
r2[16∆(a2−∆)+ r∆′(r∆′− 8∆)]
2(r2+ a2)∆[2a2(r2+ a2+ r(3r2+ a2)∆′)]
r2[16∆(a2−∆)+ r∆′(r∆′− 8∆)]
∓ 2a
√
2∆
√
(2a2− 2∆+ r∆′)3
r2[16∆(a2−∆)+ r∆′(r∆′− 8∆)][
(r2+ a2)(2(r2+ a2)+ r∆′)− 2(2r2+ a2)∆] , (53)
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FIG. 5. The function ∆(r) for M = l = η = 1, Q2 = 0.2 and different values of α .
The squared energy E2 is real if
2a2− 2∆+ r∆′≥ 0, (54)
which is valid for any r > 0. This means that the global
monopole parameter does not determine any limit to the exis-
tence of circular orbits.
V. CONCLUDING REMARKS
We have obtained the solutions corresponding to a charged
and static black hole surrounded by a fluid of strings radially
pointing. In fact, this fluid is not so realistic, but in an appro-
priate limit when α ≫ 1, the obtained solution produces a 1/r
correction to Newton’s gravitational law which can be used,
in principle, to explain the flat rotation curves of the galaxies.
The solution we obtained we are calling Reissner-Nordström-
de Sitter (anti-de Sitter) black hole with a fluid of strings. The
solution depends on the parameter associated with the fluid
and is separated into two different analytic forms, namely, for
α = 2 and α 6= 2. We also obtained the solution correspond-
ing to the Kerr-Newman black hole surrounded by a fluid of
strings and explicitly gave the two different analytic forms for
α = 2 and α 6= 2.
For the first solution, we analyzed the metric coefficient
f (r), whose behaviors are shown in Figs. 1 and 2, from wich
we can see that for α < 2, f (r) increases with the radial dis-
tance for ε = +1, while it decreases for ε = −1. In the case
α = 2, f (r) decreases until a certain value of r, namely r = 0.2
for the parameters choosen, and then it increases for ε = +1
and for ε = −1, it always decreases. In Fig. 2, the behaviors
of f (r) close to the value α = 2 and for ε = ±1 are shown in
the left panel. The behaviors of f (r) are similar to the case
shown in the left panel of Fig. 1. The same happens in which
concerns to the right panel.
The effective potential of the geodesic motion also depends
on α , as expected, as shown in Fig. 3. As a consequence, the
velocity of a particle in an orbit around the black hole depends
on α , as shown in Fig. 4.
As to the Kerr-Newman black hole wit fluid of strings, we
can observe that the behavior of ∆(r) depends on the value of
α , and qualitatively there is also an influence related to the
signal of the energy as we can see in Fig 5, in both panels.
We also showed that, depending on the parameter α , accord-
ing to Fig. 6, the black hole horizons and the static surfaces
approaches or not each other. Thus, depending on the values
of α , the ergoregion has different areas. For α ≤ 2, the hori-
zons and the static surfaces are more close in the case which
α > 2, as shown in Fig. 6. In which concerns the equatorial
circular orbits, we can have stable or unstable circular orbits
depending on the possible value of α , which determines the
qualitative characteristic of the fluid of strings.
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